We give a general and nontechnical review of some aspects of noncommutative geometry as a tool to understand the structure of spacetime. We discuss the motivations for the constructions of a noncommutative geometry, and the passage from commutative to noncommutative spaces. We then give a brief description of Connes approach to the standard model, of the noncommutative geometry of strings and of field theory on noncommutative spaces. We also discuss the role of symmetries and some possible consequences for cosmology.
Introduction
In this contribution I will give a general, and personal, overview of some attempts that physicists and mathematicians are making to understand the structure of spacetime at extremely small distances. The tool used for the description of spacetime at the Planck length scale is what is called Noncommutative Geometry. This is a name which covers a wide range of slightly different approaches, unified by the theme that physics at small scales requires a modifications of the usual geometrical concepts. As I said this review is personal, and I refer to the literature for more a systematic and complete treatment of the subject. Standard texts on noncommutative geometry are [1, 2, 3] .
I will start with a definition of geometry, for which I cannot find an authority higher than Wikipedia [4] :
Geometry (Greek γεωµετ ρια; geo = earth, metria = measure) is a part of mathematics concerned with questions of size, shape, and relative position of figures and with properties of space.
Geometry is at the hearth of several physical theories, including classical mechanics, special and general relativity. Classical mechanics, in its simplest form of point particle mechanics, can be seen as the geometrical theory of phase space, or of the position-velocity space, in the Hamiltonian or Lagrangian framework. A (pure) state is a point in this space and time evolution is given by a Hamiltonian vector field, generated by an Hamiltonian function and a Poisson bracket. In special relativity the configuration space is generalized to the Minkowski space-time, which becomes the set of all point-like events. This construction is then further generalized to general relativity, the theory of gravitation. In this case the space becomes curved, but still the event is a point-like object.
In these theories the geometry used is the mostly usual one, based on points, lines, tangent vectors etc. The change imposed by quantum mechanics, even remaining in the one particle framework, is dramatic. The phase space undergoes a drastic transformation imposed by Heisenberg uncertainty principle:
∆x∆p ≥ 2 (1.1)
That there must be uncertainty can be heuristically seen with the so-called Heisenberg's microscope. In its barest simplicity it can be described in the following simple way * . If one wants to measure the position of a microscopic particle the only way to proceed is to send a ray of light on it, the ray will be scattered by the particle, and collected by a microscope. Light rays have a particular wavelength λ, and it is impossible to measure the position of the particle below the the wavelength of the photon. Hence to measure with better and better precision the position of the particle, it is necessary to use photons with shorter and shorter wavelength. But the joint presence of the two fundamental constants (Planck's constant) and c (speed of light) means that the photons have energy E = /λ and momentum p = c/λ, therefore "small" photons are also very energetic. To "see" the particle we have to scatter a photon against the particle, and then collect it in the microscope. But a very energetic photon will have given a portion of its momentum to the photon, and this quantity is unknown, thus rendering uncertain the measure of its momentum. The concept of point of the phase space therefore loses its meaning.
Naturally this is only a caricature of the uncertainty relation. To fully understand this issue a new framework is built: quantum mechanics. Position x and momentum p become self-adjoint noncommuting operators on a Hilbert space, and the uncertainty principle is a consequence of the relation [x, p] = i δ i j . Noncommutativity is intimately related with the loss of the concept of point. The quantum phase space is not a geometric object in the classical sense, it is a space not made of points, still it has a geometrical structure which should become the usual one in the limit when → 0. Geometry, even the classical one, remains a fundamental tool of investigation also for quantum mechanics, but clearly the central role played by the point structure of the space has to be relinquished, or generalized.
The need for a different kind of geometry
In ordinary quantum mechanics configuration space is still described by the ordinary geometry. Points in space still make sense. If we are willing to pay the price of losing information about momentum we can still measure position with arbitrary precision. Is it legitimate to expect the usual geometry to hold * For a more quantitative description see for example the book [5] . This book is also useful in general for understanding the relations between quantum and classical mechanics.
to all scales in configuration space? When gravity enters the game the answer must be no. There are several arguments to support this no. One of them [6, 7] is a paraphrases of the Heisenberg microscope. Very roughly speaking (we refer to the literature for details), if one wants to measure distances of the order of Planck's length, then it is necessary to concentrate a large amount of energy in a small volume. But when the amount of energy is too large a black hole is formed, effectively screening the short distance. There are more argument coming from different theoretical frameworks which lead to the same qualitative conclusion, see for example the review [8] . In general the localization of events becomes at least problematic, if not impossible, at the fundamental length obtained with the fundamental constants of nature, including gravitational constant: Planck's length ℓ P = G c 3 = 1.6 10 −33 cm.
On the other side it is known that the construction of a quantum field theory of gravitation (a quantum gravity) is hampered by the ultraviolet problem of the nonrenormalizable divergences due to the graviton. This again is a small distance problem, and it is natural to think that the two issues are related. The root of the problem is that we still lack the theory of quantum gravity! There are two major candidates to quantum gravity (not the only ones). One is string theory [9] , the other is loop quantum gravity [10] . In both cases spacetime receives novel interpretations. For strings the coordinates which describe it are fields of a two-dimensional conformal field theory. In loop quantum gravity the change is more radical, spacetime is substituted by a network of spins. Both theories have their supporters and detractors, roughly reflecting the fact that both can claim successes but are still affected by problems. Noncommutative geometry is intimately connected with both these approaches, and the overlaps are considerable. We will comment on some of them (for the string case) in the following.
From commutative to noncommutative geometries
To understand noncommutative geometry and the tools it uses it is necessary to first make a step backward, and consider commutative geometry in a way which makes the generalization natural. A good starting point is a series of theorem by Gel'fand and Naimark [3, 11] which establish a one to one correspondence between Hausdorff topological spaces on one side, and commutative C * -algebras on the other. A Hausdorff topological space is a space in which points can be separated, i.e. given two points, it is always possible to find two disjoint open sets each of them containing one of the points, the space is separable.
A C * -algebra A is an associative algebra over the complex numbers C, which has a structure of Banach algebra with a norm a and an involution (generalized complex conjugation)
* which satisfies the properties
10. It is complete with respect to the norm.
To each Hausdorff topological space is possible to associate a commutative C * -algebra in a canonical way; the algebra of continuous complex valued function. The remarkable result is that the converse is also true, i.e. every commutative C * -algebra is the algebra of continuous complex valued functions on some Hausdorff topological space. The proof is constructive: the points are given by the one-dimensional representations of the algebra. The topology can be reconstructed by considering limit of a sequence of representation x n to be the representation x = lim n x n with the property that
The set of one-dimensional representations coincides with the set of pure states. A state φ is a positive normalized † functional from the algebra into † Positive means that φ(a * a) ≥ 0. The norm is defined as the supremum of φ(a * a) for a = 1. the complex numbers. A pure state is a state which cannot be expressed as the convex sum of two other states.
The generalization can be done by "simply" considering noncommutative C * -algebras. In this case however there is no more a duality. In some cases the algebra can be still associated to an underlying topological space, for example the algebra of matrix valued functions on a manifold. But in some other cases the underlying set of separated points simply does not exist. This is the case of the algebra of position and momentum of ordinary quantum mechanics ‡ . This is the original noncommutative geometry, and in the presence of Heisenberg uncertainty clearly shows that the concept of point of a quantum phase space is not useful. We will come back to this kind of noncommutative geometry later.
For several years here has been an effort, spearheaded by Alain Connes, to write some sort of "dictionary" to translate all concepts of ordinary geometry in an algebraic form, without reference to the underlying point structure, so to enable a generalization to the noncommutative case. There are some key ingredients of this effort and we mention just a few of them without details, just to give the flavour of this activity.
An important result is again due to Gel'fand and Naimark, together with Segal. They have shown that every C * -algebra, commutative or not, can be represented by an algebra of bounded operators on a suitable Hilbert space. The proof is again constructive. Roughly speaking the Hilbert space is built from the algebra itself and particular (cyclic) state ρ. The latter provides the possibility to define an inner product
The Hilbert space is then the quotient of the algebra itself by the ideal of states for which ρ(a * a) = 0, completed in the Hilbert space norm. Note that the Hilbert space norm is different form the C * norm. We refer again to the literature for details.
In order to define the extra geometrical ingredients we need a generalized Dirac operator D. This operator enables the translation of the metric and differential structure of spaces in an algebraic form. The D operator is a not necessarily bounded, self adjoint operator with compact resolvent. This ‡ Technically, since position and momentum are unbounded operators, to generate a C * -algebra one has to consider their exponentiated version of unitary operators.
operator enables the definition of distance between states. For the case of the algebra of functions on a spin manifold, choosing for D the usual Dirac operator reproduces the usual metric distances, once the equivalence between pure states and points is established.
Another important role played by the Dirac operator D is in the construction of the algebra of differential forms in the context of noncommutative geometry. The key idea is to also represent differential forms as operators on H, on a par with D and A. We first define the (abstract) universal differential algebra of forms as the Z-graded algebra
which is generated as follows:
and Ω 1 A is generated by a set of abstract symbols da which satisfy:
Elements of Ω p A are linear combinations of elements of the form
Because of (3.5) a generic p-form can be written as a linear combination of forms of the kind (3.6), with a 0 possibly a multiple of I in the unital case. This makes Ω p A a Z 2 -graded A-module. The graded exterior derivative operator is the nilpotent linear map d :
We define a linear representation π D : Ω * A → B(H) of the universal algebra of abstract forms by
Notice that π D (ω) = 0 does not necessarily imply π D (dω) = 0. Forms ω for which this happens are called junk forms. They generate a Z-graded ideal in Ω * A and have to be quotiented out [1, 2] . Then the noncommutative differential algebra is represented by the quotient space
which we note depends explicitly on the particular choice of Dirac operator D on the Hilbert space H.
The algebra Ω * D A determines a DeRham complex whose cohomology groups can be computed using conventional methods. With this machinery, it is also possible to naturally define (formally at this level) a vector bundle E over A as a finitely-generated projective left A-module, and along with it the usual definitions of connection, curvature etc. However, in what follows we shall for the most part use only the trivial bundle over a unital C * -algebra A. For this we define a gauge group U(A) as the group of unitary elements of A,
The presence of one-forms is then tantamount to the possibility of defining a connection, which is a generic Hermitian one-form
and with it a covariant Dirac operator D
Other structures of geometry are similarly rendered in an algebraic form. Integrals become trace, with the role of measure played by the inverse of the Dirac operator. The integral of a function, seen as element of the algebra represented as operator is a regularized trace called the Dixmier trace. Consider a generic bounded operator L on H of discrete spectrum with eigenvalues λ n ordered according to their modulus and counted with the appropriate multiplicities. The Dixmier trace tr ω L is
For the algebra of continuous functions on a p-dimensional compact manifold M, this definition then yields
The differential structure of a manifold can be established by a set of properties involving the algebra, the Hilbert space and the D operator. These axioms [12] provide an algebraic characterization of manifolds in a completely algebraic way.
The algebra A, its representation on the Hilbert space H and the D operator provide the metric information of the space, and together are called Spectral Triple. Two other operators, J and χ, encode the information about the real and chiral structures respectively. In the case of A being commutative this is just a rewriting of the usual geometry of the underlying space, but the constructions can be considered independently of the space, and therefore provide a description of the noncommutative geometry.
With the progressive completion of this dictionary the emphasis for the study of a geometrical structure passes from the points to algebra, or as seen from a physicist point of view, to fields. This research is giving several important results in pure mathematics. But we now turn our attention and consider some of the applications of these ideas to physics.
Noncommutative geometry as a tool for physics
As we have seen, the need from a noncommutative geometry has deep physical roots (quantum mechanics), moreover also its mathematical tools naturally resonates with physicists. Starting from the late eighties, noncommutative geometry, has been present in theoretical physics. The definition of what is noncommutative geometry in physics is however debatable, as the name has been attached to different theoretical frameworks. A possible unifying character is the idea that a modification of the structure of spacetime may be important for the construction of physical theories. This definition however leaves out some important related aspects, such as fuzzy spaces and some applications of quantum groups. In the following we will present some of the application of physics without any pretense of completeness, neither in the choice of topics, nor in their description.
Connes approach to the standard model
The standard model [13] of elementary particles and their strong and electroweak interactions is a theory with SU(3) × SU(2) × U(1) gauge fields coupled to matter fields in a suitable representation. It is one of the most successful theories of last century and it has several experimental confirmations in accelerator experiments. In conjunction with general relativity it is the best framework for understanding the universe after the Big Bang. The only missing piece, the Higgs particle, is likely o be found at the Large Hadron Collider in the near future.
Attempts to go beyond the standard model have not been equally successful. First there were proposals of unification based on theories similar to the standard model, with different gauge groups containing SU(3) × SU(2) × U(1), such as SU (5) or SO (10) . Such Grand Unified Theories run into difficulties, such as the proliferation of gauge bosons and the incorrect lifetime of the proton. Models based on supersymmetric unification are still popular, but they lack the experimental evidence of supersymmetric partners § . Connes approach to gauge theories, based on noncommutative geometry, provides a framework to understand the standard model as the "electrodynamics" of a noncommutative space. In this case however the space is only "almost" noncommutative, in the sense that the noncommutative algebra describing space is the algebra of functions over ordinary spacetime. The algebra is noncommutative, but the points are still present. The model is therefore to be seen at best as an effective theory.
The initial datum is that the geometry is encoded in the algebra, the Hilbert space and D operator, plus some other ingredients like the representation of the algebra, the charge conjugation operator and chirality. It is also possible to define in a geometrical way the action of the theory, using only the spectral data. Gauge transformation are unitary elements of the algebra and define a covariant D operator
where A is a self adjoint one-form, element of the space define in (3.9). It is possible to define the action of a "noncommutative gauge theory". The fermionic action is defined as
where the last equality gives the usual inner product on the Hilbert space of square-integrable spinors, while the bosonic action is purely spectral [15] 
with χ a smooth cutoff whose precise form is not important. It is usually taken a smoothened version of the step function, χ(x) ≃ 1 for x 1 and χ(x) ≃ 0 for x 1, and Λ is the renormalization scale.
The remarkable fact is that, when one calculates this model for the simple C * algebra of functions of spacetime valued in diagonal 2 × 2 matrices the resulting action describes a spontaneously broken gauge theory with an Higgs mechanism. This suggests the investigation of other C * -algebras which can describe the standard model. The programme then is not to predict a Lagrangian, which on the contrary is taken as input but to find a noncommutative geometry which describes the standard model. The construction and calculations to find the action are quite involved, but straightforward, making use of heath kernel techniques.
The algebra A of the model is the tensor product of the commutative algebra of functions on spacetime C(M) times a noncommutative finite dimensional algebra A = C 0 (M) ⊗ A F . The latter is necessarily a matrix algebra, and to reproduce the standard model one takes
where H are the quaternions and M 3 (C) are 3 × 3 matrices. The Hilbert space correspondingly has a continuous part, spinors on space time, and a finite part comprising the 96 degrees of freedom of leptons and bosons including colour, flavour, and helicity. The representation of A on H is highly nontrivial and makes use of the symmetry given by the charge conjugation operator J, which also ha a continuous and a finite part. The D operator as well is composed of a finite and a continuous part:
where D F encodes all of the mass and Cabibbo-Kobayashi-Maskawa mixing of fermions (neutrinos included). These are taken to be an input and no effort is made in the model to predict them. The details of the model, expecially with regard to the representations of the algebra, the action of the D and J operators and the way the algebra emerges, are extremely complicated, nevertheless the calculation of the action and its renormalization group analysis is straightforward. The model has some predictive power of the mass of the Higgs particle, which however depends on the nuances of it. Previous models, which were mathematically simpler, and some problems with a doubling of the degrees of freedom [14] 
The latest model [16] is certainly the most powerful and coherent one, but it assumes an almost commutative geometry all the way to very high scale, and as a consequence that the renormalization group analysis can be done in the usual way. I still find astonishing the fact that a model comes up with an Higgs mass "in the right ball park" from purely geometric considerations, and while it is certainly not "the final" answer, it remains a fascinating model.
The noncommutative geometry of strings
In string theory spacetime plays a different role from a generic field theory. In the latter the spacetime is the arena in which the field live. String theory is a two-dimensional conformal field theory, and spacetime coordinates are the fields of this theory, functions of the two coordinates of the world sheet. Quantization of these fields determines, for example, their number, i.e. the dimension of spacetime. This different point of role that the coordinates of spacetime can be seen as an indication that one should expect to use a different geometry to describe it. Nevertheless for a some time the geometry used in string theory was the "usual" one. As far as I am aware, the first appearance the expression "noncommutative geometry" in a physics paper has been Witten's paper on open string field theory [17] in 1896. String fields are seen as maps from a string configuration in space into complex numbers, with an enormous gauge symmetry (reparametrisation). After gauge fixing the role of differential operator d is played by the BRSt charge Q.
The coordinates of spacetime are however the fields of a free string theory. Interactions between strings are described by the insertion of appropriate vertex operators on the world sheet. The generalization of the Lie algebra provided by vertex operators is an extremely active field of investigation in mathematics, with connections with conformal field theory, the monster group and several infinite dimensional algebras, such as Ka-Moody algebras. General introductions can be found in [18, 19] .
The vertex operators can be see as operators on the Hilbert space of string states. The vertex operators are usually unbounded and must be smeared. This leads to the study of a noncommutative geometry of strings based on the algebra generated by them. The corresponding string spectral triple was introduce in [20, 21, 22] and called the Fröhlich-Gawȩdzki spectral triple. The third ingredient is the Dirac operator. This is built from the fundamental fields (the coordinates of spacetime). In the case of toroidally compactified strings we have that these are the Fubini-Veneziano fields:
where the suffix ± refers to left and right movers, and with a conformal transformation we have mapped the world sheet, a cylinder of coordinates σ = σ+2π and τ into a complex plane, with the transformation z ± = e (−iτ ±σ) . For tori with equal radii, we have that the the center of mass of the string is
is the position of the center of mass of the string, while its momentum of the string and winding are
Note that for a toroidally compactified string the momentum is quantized, on a par with the winding number. The eigenvalues of momentum are proportional to the inverse of the radius, while those of he winding are directly proportional to the radius. The zero-modes x µ ± and p ± µ are canonically conjugate variables upon quantization.
We can define Dirac operator as
and extract ordinary spacetime as the low energy subspectral triple obtained eliminating all oscillator and winding modes. The latter elimination is a low energy limit for the case in which the compacification radius of the torus is very large, compared with the string scale, which in turn is thought to be of the order of Planck's length. In this case the spectrum of momentum is effectively continuous, since the eigenvalues are very close to each other, being proportional to a very small quantity. The only relevant vertex operators are the one corresponding to the ground state of the string, without oscillatory modes, they commute and, for the emission of a string of momentum p can be expressed as . This is the celebrated T-duality of closed strings (for a review see [23] ). We have seen that in the contest of the noncommutative geometry of strings it appears as a gauge transformation.
In the case for which the compactification radius is of order one (in the string scale), then , still neglecting fluctuations, both momentum and winding will play a role, and the "low" energy algebra generated by the vertex operator corresponding to the low lying states do not any longer commute among themselves [24] . What happens is that
where ω is an antisymmetric matrix. This is a structure known as the noncommutative torus, and is nothing but the exponentiated version of the canonical commutation relation.
Canonical commutation relations for string coordinates appear also in the case of open strings [25, 26] , in a particular limit in the presence of branes with a background field. What happens in this case is that effectively the coordinates of spacetime do not commute giving a commutation relation similar to that of quantum mechanics
Seiberg and Witten [26] proposed to describe the field low energy corresponding to this string configuration encoding the noncommutativity of space into a deformed product. They thus showed that, at least in a particular limit, string theory are described by a field theory on a noncommutative space. This I discuss in the next section.
Field theory on a noncommutative space
The possibility to use canonical commutation relations among coordinates to solve the localization problem described in section (2) was first introduced by Doplicher, Fredenhagen and Roberts [6] , but without any doubt it received a great impulse after the work of Seiberg and Witten [26] . They also indicated that a way to describe a field theory on a noncommutative space was to use a deformation of the product. This had been introduced by Weyl [27] , Grönewold [28] and Moyal [29] as a method of quantization. the idea is that a quantization of a space (be it phase or configuration space) is achieved introducing a new associative, but noncommutative product, depending on a small quantity. The product is required to reproduce the nontrivial commutation relations among the generators and the ordinary, commutative product in the limit of vanishing parameter. The small parameter is obviously for the quantization of phase space, while for space time it is an antisymmetric matrix which is usually called θ µν .
We define therefore the Moyal product between two functions as
where the symbol ← − ∂ µ indicates that the derivative is acting on the left. Applying the product to the coordinate functions we obtain the canonical commutation relation
The definition (4.28) is not the most robust for the product, but it is well defined on polynomials and Schwarzian functions, mapping them again into polynomials and Schwarzian functions respectively. It may be considered an asymptotic expansion [30] of more solid integral expressions. In particular its Fourier transform is a twisted convolution, in d dimensions we have
The antisymmetric matrix θ µν is considered to be composed of small dimensionful parameters, expanding the exponential in (4.28) we see that
where {f, g} = θ µν ∂ µ f ∂ ν g is the Poisson structure defined by the antisymmetric matrix θ µν . To order zero the product is the ordinary commutative one, and the ⋆ product is a deformation of it. The Moyal product, seen in phase space, is actually the archetype of a deformed product providing a quantization of a classical Poisson structure [31, 32] . It is possible to prove [33] that, at least at the level of formal series in the coordinate functions, given a Poisson structure it is always possible to find a ⋆ product which reproduces the Poisson structure to first order. The procedure to prove this is not simple, mainting associativity to all order is extremely difficult, but the result is very important in quantum mechanics. It means that all classical systems defined by a Poisson bracket, can be (at least formally) quantized.
For the quantization of spacetime the presence of a ⋆ products means that we have encoded the noncommutativity in the algebra of the fields. We have therefore a procedure to define field theory on noncommutative spaces ¶ . This is accomplished rewriting the action of a field theory substituting the usual product with the deformed product. For example consider a scalar field theory with action
Note that the Moyal product has the property that
therefore the ⋆ in the first two terms of the action (4.32) are actually redundant. As a consequence the free theory is the same in the commutative and noncommutative cases. The vertex [35] is not the same however, and it acquires a phase:
where the k a are the incoming momenta. The presence of the phase, which is a consequence of the phase in (4.30), alters the properties of the loop diagrams. The first consequence is that the vertex is not anymore invriant for exchange of the momenta, it is unchanged only for cyclic permutations, therefore for example the one-loop corrections to the propagator in 
While for the planar case (a) the contribution is the same as in the the commutative case, the phase of in the nonplanar case (b) eliminates the ultraviolet divergences, at the price of an infrared divergent behaviour. This is the ultraviolet/infrared mixing [36] . Heuristically this can be seen as a consequence of the uncertainty in spacetime caused by the nonzero commutator (4.29).
The short distance behaviour in the direction x µ has consequences in the long distances of θ µν x ν .
Other theories can also be studied on noncommutative spaces, notably abelian and nonabelian gauge theories, which for lack of space we will not discuss presently and refere again to the literature, for example the references and citations of [34] .
Deformed symmetries of noncommutative field theory
In this section we will see how the deformation of spaces induced by noncommutative geometry requires a deformation of the symmetries as well. We will then concentrated on a particularly relevant kind of deformation, that induced by a twist.
Deformed symmetries and Hopf algebras
The presence of the quantity θ µν necessarily breaks Lorentz invariance, selecting two directions in space given by the two vectors θ 0i and ε ijk θ jk . In the case of a constant θ translations remain a symmetry. The presence of a "fundamental" breaking of Lorentz symmetry can be seen with interest, and we will in fact discuss the possibility that precisely the breaking if the symmetry may help in he measurement of θ. On the other side there is also the point of view that a fundamental theory, which has among its main motivation quantum gravity, should maintain the main relativistic symmetry.
One possibility is that the theory is still symmetric, but in a "deformed" way, namely invariance under an Hopf rather than a Lie algebra. Let us give a few pointers on these deformed symmetries, again we refer to the literature for details. A standard reference is [37] .
Consider functions on a manifold M which happens to be the space of parameters of a Lie group. The C * -algebra C(M) of functions on this man-
The theory is usually also referred as "quantum groups". This meaning of quantum has nothing to with quantization, as we use in the rest of this review, and we avoid using it, preferring the nomenclature Hopf algebras ifold is commutative (even if the group is not) and sufficient to reconstruct the space. A group manifold has of more structure. A particular point is the identity e, given two points g and g ′ we can find a third, the product of the two gg ′ , there is the inverse of every point with the usual properties, the product is associative. it is possible to encode this structure on the space of functions via the three maps, coproduct ∆ :
Consider then the Lie algebra g of the group G and the pairing obtained acting with the element of the Lie algebra L ∈ g seen as vector field, acting on the function and evaluating it on the identity of the group.
We can extend this to the universal enveloping algebra of the Lie algebra U(g), that is the algebra of polynomials in the elements of g, with unity I, and modulo the commutation relations. We can give an Hopf algebra structure to U(g), defining coproduct, counit and antipode as follows:
and then extending it by the requirement ∆(
The compatibility is given by the following:
note that the first of these relations is the Leibnitz rule.
The algebra of functions on the group is commutative, and this is reflected in the fact that the Hopf algebra of
If we now consider a deformation of the functions on the group we must correspondingly deform the Hopf algebra of U(g). We could say we have a quantum group, had not we decided not to use this terminology.
For the case at hand consider the algebra of functions on spacetime and the action of the universal enveloping algebra of the Poincaré Lie algebra. Note however that the Leibnitz rule is no longer valid with a ⋆ product:
where
The noncommutative product induces a deformation of the Hopf algebra of the Poincaré generators. We will write down the deformed coproduct in a moment, because it will be easier to calculate and understand it after the introduction of another structure: the Drinfeld twist.
Twisted symmetries
In this section we present a simple yet profound way to see the ⋆ product, it is based on the the Drinfeld twist [38] . In this context was introduced in [39, 40, 41, 42] . Details of the construction can be found in the forthcoming book [43] . For this particular case we define the twist as the following map from two copies of the algebra of functions on spacetime into itself as follows
the twist can be seen as a deformation of the tensor product. Consider the usual commutative product as a map
then we can define the ⋆ product as the composition of m 0 and the inverse of the twist * *
The twist defines as well a deformation of the coproduct structure of the Poincaré Hopf algebra and one defines:
(5.44) * * The reason the inverse of F appears in the relation for the product is historical, it has no particular meaning.
where ∆ 0 is the undeformed coproduct. The new deformed Hopf algebra therefore has the same Lie algebra structure, the same counit and antipode, but a different coproduct for the rotations and boosts part (since translations commute with the twist, their coproduct is unchanged). The new coproduct is
While the Hopf algebra is different, the Lie algebra part of it remains unchanged, this means for example that the Casimir invariants are the same, which in turn implies that the Wigner classification of particles still holds.
One can then take the point of view [44, 45] that what is fundamental is the deformation of the tensor product, and that the twist induces a deformation of all products present in the theory, i.e. given a bilinear map µ : X ⊗ Y → Z, where X, Y and Z are spaces on which a representation of the translations, and hence of the twist F , we can define a twisted product
in particular when the three states are all the space of functions and µ = m 0 we obtain again the Moyal product. We can apply this procedure consistently from classical mechanics to field theory to the calculation of the S-matrix [46] .
The physical significance of the fact that we still have a theory which is Poincaré symmetric, albeit under a deformation of the Hopf algebra, is not totally clear, and has lead to controversies. Two extreme positions are possible: a twist deformation in unobservable [47] , or on the contrary the breaking of Lorentz invariance is unavoidable in these theories [48] . What is probably lacking at this time is a fully developed measurement theory in the presence of these deformations.
Noncommutative geometry and the real world
If we take seriously the fact that the world is described by some kind of noncommutative field theory which are the consequences? And in particular, given the description of the theory by the Moyal product, how do we measure θ µν , a quantity of the order of ℓ 2 P ? One first possibility is to consider the consequences in the scattering of elementary particles. The presence of the ⋆ product has the consequence of altering the vertex and therefore the Green's functions of the theory. Another consequence is the fact that, due to the noncommutative product among the fields, also a U(1) theory is "non abelian". This gives new interactions in gauge theories. In fact in noncommutative gauge theories the curvature tensor is
and the last term is nonvanishing also for a scalar potential. The problem is that if θ µν has a fixed direction in space, then the experimental effects are washed out by the rotation of the earth. Therefore it is best to look for decays which would be forbidden, for example the decay Z → γγ [49] . There has been some work on noncommutative phenomenology, starting from the Opal collaboration [50] . More recent work has been done for example by in [51, 52, 53] . A recent review is [54] .
Another source of phenomenologically viable observations of noncommutativity is the early universe. Even a Planck size noncommutativity would be relevant in the early universe. At this level, and as suggested by string theory, θ µν is a background quantity. Since it is an antisymmetric tensor it selects two directions in space (analog of electric and magnetic fields from F µν ). Their presence breaks Lorentz invariance and the noncommutativity will have left its imprinting in the early universe, and its consequences are thereafter frozen by inflation [55] . These consequences could be observed with present, or more likely future, surveys of the cosmic microwave background. The problem is that the Moyal product is made for flat coordinates. The construction of associative deformed products is not simple (Kontsevich has won a field medal building them!). One cannot simply substitute, say, the partial derivatives in the definition with covariant derivatives, in this case the product would be nonassociative, and this would render the definition of a field theory very problematic.
In [56] we considered the field theory of a field which causes inflation to be deformed by a star product. We define a curved star product to first order in θ = θ 12 = 1/Λa 2 , where a is the usual scale factor of the universe and Λ −1 a noncommutativity scale. Notice that the fact that θ is a tensor chooses a direction (12 in our case). With this choice and a Moyal product defined for comoving coordinates with covariant derivatives, nonassociativity is fourth order effect, and one can study the corrections to the inflaton action to low order in θ. The corrections are such that the background evolves in the usual way, but the fluctuations change. As a consequence the quadrupole in the cosmic microwave background will show an effect.
Just for completeness let me show the extra terms (more details in [56] ):
and
where φ is the inflaton field and m = 1, 2. The consequence is a signature in the cosmic microwave background which shows up as a quadrupole correlation, which are encoded in the power spectrum with an orthogonality relation between the a lm , the spherical harmonics coefficients of the power spectrum. In the usual case it results a * lm a l ′ m ′ ∝ δ ll ′ δmm ′ (6.50)
In the presence of the noncommutative product terms there appear also terms correlating a lm with a l±2 m
There is more work of a cosmological nature investigating the consequences of noncommutativity of various kind. A review is [57] . The problem is that however it is not easy to distinguish the predictions coming from the presence of the Moyal product from these coming from a generic breaking of the Lorentz symmetry. Moreover these predictions are very much dependent on the specific form of the product, which may be just a first approximation of a more general product with θ nonconstant .
As we mentioned the construction of a noncommutative, associative product is not an easy task, making it 'realistic" is even more difficult. There are more noncommutative spaces that have been used to describe spacetime, and we cannot discuss all of them for lack of space. It is important however to at least mention κ-Minkowski spacetime [58, 59] . This space is characterized by the following commutation rule † † :
and it emerges as the space dual to another Hopf algebra, called κ-Poincaré. Deformed products, analogs of the ⋆ prodcut can be built considering the system as a deformation of a Weyl system [61] . A review of this space with an emphasis on symmetries is [62] .
The commutation relations for κ-Poincaré are:
All these commutation relations become the standard ones for λ → 0. The bicrossproduct basis is peculiar as κ-Poincaré acts covariantly on a space that is necessarily deformed and noncommutative. This is a consequence of the non cocommutativity of the coproduct which, always in the bicrossproduct basis, reads:
∆P 0 = P 0 ⊗ 1 + 1 ⊗ P 0 ∆M i = M i ⊗ 1 + 1 ⊗ M i ∆P i = P i ⊗ 1 + e λP 0 ⊗ P i ∆N i = N i ⊗ 1 + e +λP 0 ⊗ N i + λε ijk P j ⊗ M k (6.53) † † The quantity λ = 1 κ is the small parameter of this theory, and it plays the same role θ plays for the Moyal product.
The Casimir of this quantum group provide a deformation of the EnergyMomentum dispersion relation and this could be used to explain for example γ-ray bursts [60] . The problem is that, being the commutation relations nonlinear, nonlinear changes of coordinates are allowed, and therefore these dispersion relations become basis-dependent, and the discussion has to move on the "natural" choice for a basis.
Conclusions
In this talk I have attempted a description of a variety of efforts to understand the structure of spacetime using a "bag of tools" called noncommutative geometry. The question is: are we using the correct bag of tool, and withis that bag, are we using the right tool? And how do we know? My personal conclusion is that at the Planck scale the geometry of spacetime is not the usual one, and that the mathematical structure describing it must be some form on nocommutative geometry. I am also convinced that deformed symmetries will play a central role. I am less convinced that we have already got the right kind of noncommutative geometry. In other words, I think we have the right bag of tolls, but we have not yet the right tool in our hands. In particular we still need a better physical understanding of physics to proceed to a complete description. This description will probably part of a larger framework, like string theory or loop quantum gravity, or a novel idea. Fortunately we can expect some input from experiments and observations: large hadron vollider, cosmic microwave background precision measurement, ultra high energy cosmic rays. Our best hope is that nature itself will give us some other clue.
